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Abstract
A decomposition of the complete 7-partite graph on 28 vertices where each set in the partition has four vertices is given. Several
unusual properties of this decomposition are discussed, giving rise to several natural questions.
© 2007 Elsevier B.V. All rights reserved.
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We denote by X1 and X2 the graphs whose vertex sets are Z4 ×Z7 and whose adjacencies are given as follows. The
adjacencies in X1 satisfy these conditions:
(0, i) ∼ (0, j) ⇐⇒ j − i ∈ {±1,±2,±4},
(0, i) ∼ (1, j) ⇐⇒ j − i ∈ {−1, 4},
(0, i) ∼ (2, j) ⇐⇒ j − i ∈ {1,−2},
(0, i) ∼ (3, j) ⇐⇒ j − i ∈ {2,−4},
(1, i) ∼ (1, j) ⇐⇒ j − i ∈ {±2},
(1, i) ∼ (2, j) ⇐⇒ j − i ∈ {±1, 2, 4},
(1, i) ∼ (3, j) ⇐⇒ j − i ∈ {−1,−2,±4},
(2, i) ∼ (2, j) ⇐⇒ j − i ∈ {±4},
(2, i) ∼ (3, j) ⇐⇒ j − i ∈ {1,±2, 4},
(3, i) ∼ (3, j) ⇐⇒ j − i ∈ {±1}.
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Fig. 1. The graphs X1 and X2 given in Frucht’s notation relative to a (4, 7)-semiregular automorphism.
The adjacencies of X2 satisfy these conditions:
(0, i) ∼ (1, j) ⇐⇒ j − i ∈ {1,±2,−4},
(0, i) ∼ (2, j) ⇐⇒ j − i ∈ {−1, 2,±4},
(0, i) ∼ (3, j) ⇐⇒ j − i ∈ {±1,−2, 4},
(1, i) ∼ (1, j) ⇐⇒ j − i ∈ {±1,±4},
(1, i) ∼ (2, j) ⇐⇒ j − i ∈ {−2,−4},
(1, i) ∼ (3, j) ⇐⇒ j − i ∈ {1, 2},
(2, i) ∼ (2, j) ⇐⇒ j − i ∈ {±1,±2},
(2, i) ∼ (3, j) ⇐⇒ j − i ∈ {−1,−4},
(3, i) ∼ (3, j) ⇐⇒ j − i ∈ {±2,±4}.
InFig. 1 these twographs are given in the so-calledFrucht’s notation [7] relative to a (4, 7)-semiregular automorphism.
It is easy to check that both X1 and X2 are 12-regular graphs. Note the permutation f : Z4 × Z7 → Z4 × Z7
given by f (i, j) = (i, j + 1) is an automorphism of both X1 and X2. Similarly, one can check that the permutation
g : Z4 × Z7 → Z4 × Z7 given by g is the identity on Z4 × {0}, g is ((0, 1) (2, 1))(1, 1) (3, 1)) on Z4 × {1}, g is
((0, 2) (3, 2))((1, 2) (2, 2)) onZ4×{2}, and g is ((0, 3) (3, 3))((1, 3) (2, 3)) onZ4×{3}, g is ((0, 4) (1, 4))((2, 4) (3, 4))
on Z4 × {4}, g is ((0, 5) (2, 5))((1, 5) (3, 5)) on Z4 × {5}, and ﬁnally, g is ((0, 6) (1, 6))((2, 6) (3, 6)) on Z4 × {6} is
also an automorphism of both X1 and X2. After conjugating g by powers of f , we have a transitive group G of degree
28 and order 56 isomorphic to Z32Z7. Thus both X1 and X2 are vertex-transitive graphs.
UsingMAGMA, the authors determined that bothX1 andX2 are arc-transitive graphs (transitive on the set of directed
edges), and X1 is distance-transitive while X2 is not. The automorphism group Aut(X1) of X1 is primitive of order
40, 320. There is only one simply primitive group of degree 28 and order 40, 320, namely S8 in its action on 2-subsets
of an 8-element set S. This group is rank 3, with suborbits of length 1, 12, and 15, and so X1 is also the graph whose
vertices are the 2-subsets of S and two vertices are adjacent if and only if their intersection is nonempty. Also, Aut(X2)
is imprimitive, admitting a complete block system with 7 blocks of size 4, and has order 1344. (We shall see later that
Aut(X2)Aut(X1).)
It is easy to verify using the adjacency rules given above, that E(X1) ∩ E(X2) = ∅, while X1 ∪ X2K7  K¯4,
where K¯4 is the complement of the complete graph on four vertices. (The seven independent sets of size 4 are the sets
{(0, i), (1, i), (2, i), (3, i)} with i ∈ Z7.) Note that K7 K¯4 is the complete 7-partite graph with each cell of the partition
containing four vertices. Aut(K7  K¯4) = S7  S4 has order 7!(4!)7, admits a complete block system with 7 blocks of
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size 4 (it can be veriﬁed that this block system is the same as the block system of 7 blocks of size 4 of Aut(X2)),
and is also arc-transitive. Thus we have a decomposition of an arc-transitive graph (and thus vertex-transitive) with
a very large, imprimitive automorphism group, into two edge-disjoint subgraphs, both of which are vertex-transitive,
arc-transitive, one with a large primitive automorphism group and the other with a small imprimitive automorphism
group. The authors are aware of no other such decomposition, and in particular would be interested in an inﬁnite family
of examples.
Problem 1. Is there an inﬁnite family of arc-transitive graphs with imprimitive automorphism group each of which
can be decomposed into two (or more) arc-transitive graphs, (at least) one of which has a primitive automorphism
group, while (at least) one has an imprimitive automorphism group?
The authors would also be interested in an inﬁnite family as above where 12 -arc-transitive replaces arc-transitive
( is 12 -arc-transitive if Aut() is vertex-transitive and edge-transitive but not arc-transitive.).
We remark that certain decompositions of Kn  K¯m have also been considered in [8,9], as natural generalizations of
vertex-transitive self-complementary graphs (see [5,16,18]).
Deﬁnition 2. Letm and n be positive integers and=Kn K¯m (the complete n-partite graph on nm vertices where each
set in the partition has size m), with 1 ⊆ . We say that 2 is the n-partite complement of 1 if E(1) ∩ E(2) = ∅
and 1 ∪ 2 = .
Note that if m = 1, then Kn. Hence if 1 ⊆ , then the 1-partite complement of 1 is the usual complement
¯1, and so the notion of an n-partite complement is a natural extension of the deﬁnition of the complement of a graph.
Also observe that X1 is the 7-partite complement of X2, so it need not be the case that the automorphism group of the
n-partite complement of a graph  is the automorphism group of . For a permutation group G acting on , we say
that B is an invariant partition of G if B is a partition of , ∪B= , and g(B) ∈ B for every B ∈ B. Note that if G
is transitive, then an invariant partition is simply a complete block system. We do have:
Proposition 3. LetB be the invariant partition of Kn  K¯m formed by the partition classes. If 1 ⊆ Kn  K¯m, 2 is the
n-partite complement of 1, and B is an invariant partition of Aut(2), then Aut(2)Aut(1).
Proof. Let e ∈ E(1) and g ∈ Aut(2). As e is not an edge of 2, g(e) is not an edge of 2. Then there exists
B1, B2 ∈ B such that if e = xy, then x ∈ B1, y ∈ B2. As B is an invariant partition of Aut(2), g(B1) = B ′1 ∈ B and
g(B2) = B ′2 ∈ B. Thus g(e) is a nonedge of 2 between two distinct partition sets of Kn  K¯m. Thus g(e) ∈ E(1) so
that Aut(2)Aut(1). 
As the complete block system B of 7 blocks of size 4 of Aut(X2) is the same as the complete block system of
K7  K¯4, the preceding proposition implies that Aut(X2)Aut(X1). The following is an immediate consequence of
the preceding proposition.
Corollary 4. Let B be the invariant partition of Kn  K¯m formed by the partition classes. If 1 ⊆ Kn  K¯m, 2 is the
n-partite complete of 1, and B is an invariant partition of both Aut(1) and Aut(2), then Aut(1) = Aut(2).
Note that if m= 1, then as Kn  K¯mKn, andB simply consists of singleton sets (which are always invariant under
any group action), the preceding result simply states that Aut(G) = Aut(G¯) for any graph G.
Problem 5. Is the converse of Corollary 4 true for vertex-transitive graphs? Equivalently, do there exist vertex-
transitive graphs 1 and 2 such that 2 is the n-partite complement of 1, Aut(1)= Aut(2), butB is an invariant
partition of neither Aut(1) nor Aut(2)?
For all classes of vertex-transitive graphs  where Aut() is known (or a great deal of information is known)
[3,4,6,10–15,17], if Aut() admits a complete block system B such that the subgroup of Aut() which ﬁxes each
block B ∈ B set-wise is non-trivial and Aut()/B Aut() in its action on B is a doubly transitive group with
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nonabelian socle, then Aut()/B is the symmetric group. Again, using MAGMA, the subgroup of Aut(X2) which
ﬁxes each block of the complete block system B of Aut(X2) with 7 blocks of size 4 is elementary abelian of or-
der 8. Thus Aut(X2)/B has order 168, and so cannot be a subgroup of AGL(1, 7) (which has order 42). Thus by
[1, Theorem 3.5B], Aut(X2)/B is a doubly transitive group with nonabelian socle and Aut(X2)/B is not S7, and
checking the list of primitive groups of degree less than 1000 given in [1], we see that Aut(X2)/BPSL(2, 7). This is
the ﬁrst example of a graph  whose automorphism group admits a complete block system B such that the subgroup
which ﬁxes each block of B set-wise is nontrivial while Aut()/B is a doubly transitive group with nonabelian socle
that is not the symmetric group. It can be checked with MAGMA or proven directly that neither X1 nor X2 are Cayley
graphs. An inﬁnite family of digraphs with this property (some of which, but perhaps not inﬁnitely many of which, are
Cayley digraphs) were given in [2]. This raises the following question:
Problem 6. Does there exist an inﬁnite family of graphs  with the property that Aut() admits a complete block
systemB such that the subgroup of Aut() which ﬁxes each block ofB set-wise is nontrivial and Aut()/B is a doubly
transitive group with nonabelian socle. Is there an inﬁnite family of such graphs that are Cayley graphs?
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